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Abstract
Let G be a finite solvable group, p be some prime, let P be a Sylow p-subgroup of G, and let N
be its normalizer in G. It is known that the number of irreducible characters of G of degree prime
to p equals the number of irreducible characters of N of degree prime to p. Let F be any field of
characteristic zero such that, if [G : N ] is even, then F contains Qp ∩ Q(ζ2∞), the intersection of the
field of p-adic numbers with the field of rational numbers extended by all roots of unity whose order
is a power to two. In this paper, we show that there exists a bijection from the set of all irreducible
characters of G of degree prime to p to the set of all the irreducible characters of degree prime to
p of N such that it preserves ± the degrees modulo p, all the field of values over F , and the Schur
index over every field containing F .
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Notation 1.1. Let G be a finite group and let p be a prime number. Then we denote by
Irr(G) the set of all the irreducible (complex) characters of G, and we use the notation
Irrp′(G) =
{
χ ∈ Irr(G): p  χ(1)}
for the set of all the irreducible characters of degree not divisible by p.
The McKay conjecture asserts that, if G is any finite group, p any prime, and N is the
normalizer of a Sylow p-subgroup of G, then | Irrp′(G)| = | Irrp′(N)|. In the case when G
is solvable, this conjecture is known to be true. In [3], the existence of a bijection between
the two sets is described in the case when G is solvable. Recently, Isaacs and Navarro [4]
have strengthened McKay’s conjecture to claim that there should be a bijection between
Irrp′(G) and Irrp′(N) which preserves ± the character degree modulo p. Furthermore,
Navarro [5] has recently conjectured that, given a Galois automorphism σ of a certain type,
the bijection could be chosen to send the characters in Irrp′(G) invariant by σ bijectively
to the characters of Irrp′(N) invariant by σ . Both of these conjectures are known for the
case when G is solvable, see [4,5] for details.
In the present paper, we prove that in the case when G is solvable, there exists a char-
acter correspondence between these sets preserving even more. If F is a field, we denote
by F(χ) the field F extended by all the values of χ , by Br(F (χ)) the Brauer group of this
field, and by [χ] the element of this Brauer group associated with χ , see Section 2 below
for details. We denote by F the algebraic closure of a field F . Our Main Theorem proves
the existence of a bijection preserving extra information for certain finite groups which
include all the finite solvable groups.
Main Theorem. Let p be a prime number, let F be a field of characteristic zero, let G be
a finite group and let P be a Sylow p-subgroup of G. Suppose that G/⋂g∈G NG(P )g is
solvable. If both p is odd and [G : NG(P )] is even, make the further assumption that F
contains the intersection Qp ∩ Q(ζ2∞) of the p-adic field Qp and the field Q(ζ2∞) of the
rational numbers extended by every root of unity whose order is a power of 2. Then there
exists a bijection
f : Irrp′(G) → Irrp′
(
NG(P )
)
satisfying all of the following conditions:
(1) For every χ ∈ Irrp′(G), there is some ε ∈ {1,−1} such that χ(1) ≡ εf (χ)(1) (mod p).
(2) f commutes with the action of Gal(F/F ), so, in particular, F(χ) = F(f (χ)) for every
χ ∈ Irrp′(G).
(3) For every χ ∈ Irrp′(G), we have [f (χ)] = [χ] ∈ Br(F (χ)), so that f (χ) and χ have
the same Schur index over every field containing F .
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[4] for the groups considered. Furthermore, setting F = Qp , condition (2) of the Main
Theorem implies the Ordinary Navarro Conjecture [5] for the same groups. The Galois
automorphisms that are allowed by Navarro in his conjecture are exactly those that fix
every element of the intersection of Qp with the field Q extended by a primitive |G|th root
of unity, and so they can be extended to elements of Gal(Qp/Qp) which will fix exactly
the same characters. Hence Navarro’s condition follows immediately from condition (2)
in our Main Theorem. Our condition (2) is actually a stronger statement even in the case
F = Qp , as the action of Gal(Qp/Qp) on the relevant irreducible characters need not be
cyclic.
The existence of this nice character correspondence in the case of the Main Theorem
suggests a further strengthening of the McKay conjecture for all finite groups that would
preserve fields of definition over Qp and Schur indices over Qp . This is explored in [10].
The Main Theorem follows immediately from the more precise Theorem 4.5, below.
The proof of Theorem 4.5 is inspired by and uses the author’s theory of Clifford classes.
To make the paper easier to read, the results about Clifford classes that are used are kept
to a minimum, and the main definitions and results used are reviewed in Section 2. Results
that would allow a systematic use of Clifford classes in problems about representations of
arbitrary finite groups are explored systematically in [9], but the proofs in the present paper
are written independently of it.
2. Reminders and notation
Note that we systematically write all functions on the left, and compose them from right
to left. This allows, in particular, to compose characters with elements of Galois groups.
We also use left exponential notation (i.e., ga for the action of a group element g on an
algebra element a). We denote by F the algebraic closure of a field F .
We now review some basic definitions and results, see [6,7] for details. For simplicity,
we take our fields to be of characteristic zero (but not algebraically closed).
Let G be a finite group, and let F be a field of characteristic zero. A G-algebra is a finite-
dimensional associative algebra A with identity together with a homomorphism from G to
the automorphism group of A. A G-algebra is simple if it has exactly two G-invariant two
sided ideals. A G-algebra A is central if CZ(A)(G) = F , that is, the centralizer of the action
of G on the center of A is only F . A G-algebra T is trivial if there is some FG-module
N such that T = EndF (N) and the action of G on T is by conjugation. Two central simple
G-algebras A and B are equivalent if there exist trivial G-algebras T1 and T2 such that
A⊗ T1  B ⊗ T2
as G-algebras. The Clifford set of G with respect to F is the set Clif(G,F ) of equivalence
classes of central simple G-algebras.
Notation 2.1. Given a central simple G-algebra A over F , we denote by [[A]] its equiva-
lence class in Clif(G,F ). Hence, [[A]] ∈ Clif(G,F ).
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group of a field F . We denote by Br(F ) the Brauer group of F . If A is a central simple
algebra over F (without any G-action), we denote by [A] the equivalence class of A in
Br(F ), so [A] ∈ Br(F ).
Let H be a finite group, and let χ be an irreducible character of H . If the values of χ
are in F , then, there exist χ -homogeneous H -modules M over F , that is non-zero modules
which afford as character some multiple of χ . Then EndFG(M) is a central simple algebra
over F , and its class in the Brauer group Br(F ) is independent of M and denoted by [χ] ∈
Br(F ). Hence, [χ] = [EndF (M)] ∈ Br(F ). As is well known, the invariant [χ] determines
the Schur index of χ over every field that contains F .
Let H be a finite group, let χ be an irreducible character of H , and let J be a normal
subgroup of H such that H/J = G. Then, an H -module over F is χ -quasihomogeneous
if its restriction to J affords as character some positive rational multiple of the restriction
of χ to J . Such modules M exist as soon as the values of χ on J are all in F , and for such
modules, EndFJ (M) is a central simple G-algebra over F , whose class in Clif(G,F ) does
not depend on M , and is denoted [[χ]] ∈ Clif(G,F ). We also denote [[χ]] ∈ Clif(G,F )
by [[χ]]F if we want to emphasize its dependence on the field F . In practice, we will
not assume that G is necessarily equal to H/J . We will have simply a surjective group
homomorphism φ : H → G with kernel J . To emphasize the dependence of [[χ]] on φ, we
will also write it as [[χ]]φ . We can also write it by [[χ]]F,φ to emphasize both.
Since the definition of [[χ]] given above only involves ResHJ (χ), we may extend it as
follows.
Notation 2.2. Let φ ∈ Irr(J ) be any irreducible character of J , and let O be the H -orbit
of φ. Assume that the values of the sum of the orbit
∑O are all in the field F . We say that
an H -module M over F is φ-quasihomogeneous if it affords a character whose restriction
to J is a multiple of
∑O. Let χ ∈ Irr(H) be any irreducible character whose restriction to
J is a multiple of
∑O. Then, an H -module M is χ -quasihomogeneous if and only if it is
φ-quasihomogeneous. We set
[[φ]] = [[χ]] ∈ Clif(G,F ).
The element [[φ]] ∈ Clif(G,F ) does not depend on our choice of χ .
In the situation above, the Clifford theory of the character χ with respect to the field F
and the normal subgroup J concerns the properties with respect to the field F of certain
characters of the subgroups S of H that contain J . The characters in question are those
η ∈ Irr(S) such that (ResSJ (η),ResHJ (χ)) 	= 0, and their linear combinations. In [6], it is
proved that the invariant [[χ]] ∈ Clif(G,F ) is enough to determine many properties (in-
cluding Schur indices, fields of definition, induction, restriction, relative degrees, etc.) of
the collection of all the η, i.e., to determine the Clifford theory of χ with respect to F
and J . For convenience, we describe some of these results here.
Notation 2.3. Let G and G′ be finite groups and let H be a normal subgroup of G and H ′
be a normal subgroup of G′. Let F be a field of characteristic zero. Let χ be an irreducible
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and we use this isomorphism to identify both G/H and G′/H ′ with a finite group G. Then
[[χ]] ∈ Clif(G,F (ResGH (χ))) and [[η]] ∈ Clif(G,F (ResG
′
H ′(η))).
Notation 2.4 (Subgroup correspondence). We denote by S(G,H) the set of subgroups of
G that contain H , and likewise by S(G′,H ′) the set of subgroups of G′ that contain H ′.
There is a natural one-to-one correspondence S 
→ S′ from S(G,H) to S(G′,H ′).
Notation 2.5. If S ∈ S(G,H), we denote by IC(S,H,χ) the set of irreducible charac-
ters ψ of S such that the inner product (χ |H ,ψ |H )H 	= 0. We let C(S,H,χ) be the set
of integer linear combinations of elements of IC(S,H,χ). We do likewise for subgroups
of G′ and the character η. If g ∈ G and S ∈ S(G,H), we define gS = gSg−1, where g
is any representative in G of g. This does not depend of the particular g chosen. If, fur-
ther, ψ ∈ C(S,H,χ), then we set gψ to be the map defined by gψ(s′) = ψ(g−1s′g) for all
s′ ∈ gS. Since ψ is a character of S and S ⊇ H , the map does not depend on the represen-
tative g chosen. Furthermore, gψ ∈ C(gS,H,χ). We have a corresponding action of G on
objects from G′.
Theorem 2.6. Assume that Notation 2.3 holds and, furthermore, F = F(ResGH (χ)) =
F(ResG′
H ′(η)) and [[χ]] = [[η]]. Then, there is a one-to-one correspondence ψ 
→ ψ ′ from
the union of C(S,H,χ) as S runs over S(G,H) to the union of C(S′,H ′, η) as S′ runs
over S(G′,H ′) that satisfies the following properties:
(1) For each S ∈ S(G,H), restriction of the map ψ 
→ ψ ′ provides an isometric Z-linear
bijection from C(S,H,χ) to C(S′,H ′, η), and also a bijection from IC(S,H,χ) to
IC(S′,H ′, η).
(2) There is some rational constant d , such that, whenever S ∈ S(G,H), ψ ∈ C(S,H,χ)
and ψ 
→ ψ ′, then ψ ′(1) = dψ(1).
(3) The map ψ 
→ ψ ′ commutes with both induction and restriction of characters. That
is, if S,R ∈ S(G,H), ψ ∈ C(S,H,χ), θ ∈ C(R,H,χ) and S ⊇ R, then ResSR(ψ) ∈
C(R,H,χ), IndSR(θ) ∈ C(S,H,χ), (ResSR(ψ))′ = ResS
′
R′(ψ
′) and (IndSR(θ))′ =
IndS′
R′(θ
′).
(4) The map ψ 
→ ψ ′ commutes with multiplication with characters of S/H . More pre-
cisely: if S ∈ S(G,H) and λ is a character of S/H , as G is identified with both G/H
and G′/H ′, S/H = S′/H ′ and λ can be thought of as both a character of S and also
as a character of S′. With this convention, if ψ ∈ C(S,H,χ) then λψ ∈ C(S,H,χ)
and (λψ)′ = λ(ψ ′).
(5) The map ψ 
→ ψ ′ commutes with any Galois automorphism that fixes F . More pre-
cisely: we view the characters as taking values in F the algebraic closure of F . Then,
if σ ∈ Gal(F/F), S ∈ S(G,H) and ψ ∈ C(S,H,χ), then σ ◦ ψ ∈ C(S,H,χ) and
(σ ◦ψ)′ = σ ◦ (ψ ′).
(6) The map ψ 
→ ψ ′ commutes with conjugation by G. More precisely, if g ∈ G, S ∈
S(G,H) and ψ ∈ C(S,H,χ), then gψ ∈ C(gS,H,χ), and (gψ)′ = g(ψ ′).
(7) The map ψ 
→ ψ ′ preserves the field of values of irreducible characters. That is, if
S ∈ S(G,H) and ψ ∈ IC(S,H,χ), then F(ψ) = F(ψ ′).
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→ ψ ′ preserves the corresponding elements of the Brauer group and
in particular the Schur indices. That is: let S ∈ S(G,H) and ψ ∈ IC(S,H,χ),
then, by (2.6), F(ψ) = F(ψ ′) and, [ψ] and [ψ ′] are both elements of Br(F (ψ)) =
Br(F (ψ ′)). We have that [ψ] = [ψ ′] and that mF (ψ) = mF (ψ ′).
(9) If ψ 
→ ψ ′ and ψ is irreducible, then ψ and ψ ′ yield the same elements of
Clif(S/R,F (ResGR(ψ))). More precisely: let S,R ∈ S(G,H) and ψ ∈ IC(S,H,χ)
and assume that R ∈ S(G,H) is a normal subgroup of S. Then, R′ is a normal sub-
group of S′ and S/R is isomorphic to S′/R′, so we identify S/R with S′/R′. Then,
F(ResGR(ψ)) = F(ResG
′
R′ (ψ
′)), and we have [[ψ]]R,F = [[ψ ′]]R′,F .
Proof. See [6, Theorem 3.5]. 
3. Some equivalent G-algebras
We need a version of a theorem of Dade [1] which controls the character values.
Theorem 3.1. Let G be a finite group, let E be a normal extraspecial 2-subgroup, and let
H be a complement to E in G, so that G is the semidirect product of H and E. Suppose p
is some odd prime and P is a normal Sylow p-subgroup of H such that [P,E] = E. Let φ
be the unique faithful irreducible character of E. Then φ can be extended to an irreducible
character χ of G in such a way that the values of χ are all in the field Qp ∩ Q(ζ2∞).
Proof. Assume the theorem is false. Among all counterexamples, choose one with |G| as
small as possible. Notice that our hypotheses imply that G is p-solvable. We split the proof
into a series of steps.
Step 1. H acts faithfully on E.
Proof. If CH (E) 	= 1, then the minimality of our counterexample implies that φ can be
extended to a character satisfying the conditions of the theorem to H/CH (E)E, a contra-
diction. Hence, H acts faithfully on E. 
Step 2. Let Z = Ω1(Z(P )) the subgroup of the center of P of those elements whose
order divides p. We view, as is standard, E = E/Z(E) as an H -module over the field of
two elements. Let S be the set of the kernels of the irreducible submodules of the action of
Z on E. For each K ∈ S, let I (K) be the sum of all the Z-homogeneous components of
E whose irreducibles have kernel exactly K . Then the preimage I (K) in E of I (K) is an
extraspecial 2-group, and E is the central product of the I (K) for K ∈ S.
Proof. Since p is odd, the action of Z on E is completely reducible. Hence, E is the direct
sum of its different Z-homogeneous components. Hence, we also have that E is the direct
sum of the I (K) for K ∈ S. As each I(K) contains together with any of its homogeneous
components also the homogeneous component corresponding to the dual of the irreducible
module, and Z acts on E preserving the bilinear form obtained from the commutation of
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Hence, the I(K) are extraspecial 2-subgroups, and E is their central product. 
Step 3. H acts transitively on S by conjugation. Furthermore, [Z,E] = E.
Proof. Suppose H does not act transitively on S. Then there are S1 and S2 non-empty
H -invariant disjoint subsets of S such that S = S1 ∪ S2. For i = 1,2, let Ei be the preim-
age in E of the sum of I(K) for K ∈ Si . By Step 2, Ei is an H -invariant extraspecial
2-group, and E is the central product of E1 and E2. Let the group G1 to be the semidirect
product of H and the direct product E1 × E2, with natural action. Then G is a homomor-
phic image of G1 by a homomorphism with kernel of order 2. By the minimality of our
counterexample, we may apply the theorem to both G1/E2 and to G1/E1. Hence, let χ1
and χ2 be the corresponding characters of G1 satisfying the conditions of the theorem. The
product of the characters χ1 and χ2 has all its values in the correct field, and furthermore
contains the kernel of the homomorphism from G1 to G in its own kernel. Hence, the char-
acter required by the theorem also exists for G, a contradiction. Hence, H acts transitively
on S. In addition, it follows, since Z acts non-trivially on E, that we have [Z,E] = E. 
Step 4. Z is cyclic of order p.
Proof. Suppose first that S has more than one element. Let K ∈ S. Then I (K) is an
extraspecial 2-group and NH (I (K)) = NH (S) < H . By the minimality of our counterex-
ample, the faithful character of I (K) can be extended to a character χ1 of NH (I (K))I (K)
whose values are all in the correct field. Now tensor induction, see, for example, [3, Proof
of Theorem 5.2], produces a character χ of G whose values are all in the correct field.
This is a contradiction. Hence, S is a singleton. It follows from Step 1 that S is the set that
consists only of the trivial subgroup of Z. Hence, Z acts faithfully on some irreducible
module over the field of two elements, hence Z is cyclic. As Z has exponent p, it follows
that Z is cyclic of order p.
Step 5. φ can be extended to a character χ1 in such a way that the values of χ1 on any
p′-element of G are all in Qp .
Proof. By Dade’s theorem [1], φ can be extended to some character χ2 of G. Let K be the
field Qp extended by a primitive |G|th root of unity. Let R be its ring of integers. There
exists an R-free RG-module M affording the character χ2. If π is the maximal ideal of R,
then R/π is a field of characteristic p, and M = M/πM is an irreducible G-module over
this field. This module is uniquely determined up to isomorphism by its Brauer character,
i.e., by the values of χ2 on p′-elements. Let L be a Hall p′-subgroup of H . Consider
the restriction of M to LZ. It is the direct sum of indecomposable modules. Notice that
Z  LZ, L is a p′-group and Z has order p. Using, for example, [2, 7.6 and 7.7 Theorems],
we see that the indecomposable modules in characteristic p for LZ are direct summands
of indecomposable modules of Z induced up to LZ. Hence, any such indecomposable
module restricts to Z as a direct sum of isomorphic indecomposable modules.
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the restriction of M to Z is a direct sum of copies of the free Z-module together with
one copy of an indecomposable module W of dimension either 1 or p − 1. It follows that
there is an indecomposable LZ-module direct summand W˜ of the restriction of M to LZ
that restricts to Z as W . The structure of W˜ is uniquely determined up to isomorphism
by the structure of the module M . Now CW˜ (Z) is a one-dimensional LZ-module. Let λ
be the linear character of G which contains in its kernel both E and P , and which agrees
modulo π with the linear character of the action of L on CW˜ (Z). Set χ1 = λ−1χ2. The
same construction for χ2 instead of for χ1 will now yield the trivial character of L in place
of the linear character λ.
Consider any Galois automorphism σ ∈ Gal(K/Qp). By Gallagher’s theorem, there ex-
ists some linear character µ of G whose kernel contains E such that σχ1 = µχ1. However,
since σ preserves the prime ideal π , the linear character of L associated with σχ1 needs to
be the trivial character of H , as well as ResGL(µ). Hence, µ contains L in its kernel, as well
as E. It follows that the values of χ1 on some Hall p′-subgroup of G are all fixed by σ ,
i.e., they belong to Qp , as desired. 
Step 6. Final contradiction.
Proof. Let det(χ1) be the determinant of χ1. It is a linear character of G. Let λ be any
linear character of G which has odd order. Then E ⊆ ker(λ), and λχ1 is an extension of φ
to G such that its determinant is λχ1(1) det(χ1). Since χ1(1) is a power of 2, it follows that,
by choosing an appropriate λ, we may set χ = λχ1 in such a way that χ is an extension
of φ to G, and det(χ) has order a power of 2. Note that since the character λ has odd order,
it contains in its kernel a Sylow 2-subgroup, so χ still has the property that its values on
2-elements are all in Qp .
Let 2α be the highest power of 2 dividing the order of G, and let F be the field Q
extended by a primitive 2α th root of unity and intersected with Qp . Let F̂ be the field F
extended by a primitive |G|th root of unity. Let σ ∈ Gal(F̂ /F ). Then, σχ is an extension
of φ to G. Hence, by Gallagher’s theorem, there exists some linear character µ of G whose
kernel contains E and such that σχ = µχ . Since the determinant of χ and of σχ both
have order a power of 2, it follows that the order of µ cannot be divisible by any odd
prime. Hence, ker(µ) contains every Sylow r-subgroup of G for r odd. Let S2 be a Sylow
2-subgroup of G. Then the restriction of χ to S2 is an extension of φ to S2. Since σ fixes
every element of F , we have that σ ResGS2(χ) = ResGS2(χ). By Gallagher’s theorem, if we
multiply ResGS2(χ1) by different irreducible linear characters of S2 which contain E in their
kernel we obtain distinct irreducible characters. Hence, ResGS2(µ) is the trivial character,
i.e., S2 is contained in the kernel of µ. Hence µ is the principal character and σ fixes χ1.
Hence, all the values of χ1 are in F . This contradicts the fact that G is a counterexample
and completes the proof. 
This completes the proof of Theorem 3.1. 
Corollary 3.2. Let R be an extraspecial 2-group. Let F be a field of characteristic zero
such that Qp ∩ Q(ζ2∞) ⊆ F , and suppose that R spans over F a central simple algebra C
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Sylow p-subgroup of H . Assume that H acts by automorphisms on C, that H normal-
izes R, and that [P,R] = R. Then C is isomorphic to a trivial central simple H -algebra
over F .
Proof. Notice that Qp ∩ Q(ζ2∞) is the fixed field of the Galois automorphism σ ∈
Gal(Q(ζ2∞)/Q) which maps every root of unity to its pth power. Let α  3 be so large that
p has order larger than 2 modulo 2α . Then, no power of p is congruent to −1 modulo 2α .
It follows that, if ζ2α is a primitive 2α th root of unity, then Qp ∩ Q(ζ2α ) 	⊆ R.
R is isomorphic to a central product of quaternion groups of order 8 and dihedral groups
of order 8. Let φ ∈ Irr(R) be the faithful irreducible character of R. Then, φ has rational
values and the local Schur indices of φ are all 1 except, possibly, the one at infinity and the
one at 2 which could be 2. Let (Qp ∩ Q(ζ2α ))2 be a completion of this field at the prime 2,
and let (Qp ∩ Q(ζ2α ))∞ be a completion at infinity. Then, by the previous paragraph, both
[(Qp ∩Q(ζ2α ))2 : Q2] and [(Qp ∩Q(ζ2α ))∞ : R] are even. It follows that φ has Schur index
1 over the field F . Hence, the F span of R is isomorphic to some full matrix algebra over F .
Hence, there exists some C-module M such that C can be identified with EndF (M).
Consider the semidirect product HR. By Theorem 3.1, the character φ can be extended
to some χ ∈ Irr(HR) such that the values of χ are all in F . Since the Schur index of φ
over F is 1, it follows that the Schur index of χ over F is also 1. Hence, there exists
some module over F affording the character χ . Since the restriction of this module to
R will afford the character φ, we think of it as being itself M , where we have extended
the module action to be for all of HR. It follows from the definition that EndF (M) is a
trivial H -algebra over F . Since the action of H by conjugation in EndF (M) and on C now
coincide, C is isomorphic to a trivial H -algebra over F , as desired. 
Corollary 3.3. Let R be an extraspecial 2-group. Let F2 be a field of characteristic zero,
and let F2/F1 be an abelian finite Galois extension. Suppose that R spans over F2 a central
simple algebra C over F2, and that R∩F2 = {1,−1}. Let H be a finite group, p some odd
prime, and assume that P is a normal Sylow p-subgroup of H . Assume that H acts on
C by automorphisms over F1, that H normalizes R, that [P,R] = R, and that the action
of H on F2 induces the full Galois group Gal(F2/F1). Suppose Qp ∩ Q(ζ2∞) ⊆ F1. Then
both C and F2 are central simple H -algebras over F1 and they represent the same element
of Clif(H,F1).
Proof. Since C and F2 are both simple as algebras, they are simple as H -algebras. Fur-
thermore, the centralizer of the action of H on F2 is, by hypothesis, F1. Hence, both C and
F2 are central simple algebras over F1. Let C1 be the span over F1 of R. Then, C1 is an
H -algebra over F1, and C is isomorphic to the tensor product F2 ⊗F1 C1. Hence, C1 is a
central simple algebra over F1. By Corollary 3.2, C1 is isomorphic to a trivial H -algebra
over F1. Hence, by the equivalence relation that defines the elements of Clif(H,F1), we
have that both C and F2 represent the same element, as desired. 
Lemma 3.4. Let F be a field of characteristic zero, and let G be a finite group. Let A be
a central simple G-algebra over F . Assume that K = Z(A) is a field and that K/F is a
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with EndK(M). Suppose that there exists a group representation
ρ : G → EndF (M)×
such that, for all g ∈ G and a ∈ A, we have ga = ρ(g)aρ(g)−1. Then, the G-algebra A is
equivalent to the G-algebra K .
Proof. Let N be a free FG-module of rank one generated by v0 ∈ N . Let T1 = EndF (N).
Then T1 is a trivial G-algebra over F . We define an action of A⊗F T1 on M ⊗F N , by, for
a ∈ A, t ∈ T1, m ∈ M , and n ∈ N , setting
(a ⊗ t)(m⊗ n) = am⊗ tn.
K ⊗ 1 = Z(A ⊗F T1) acts on M ⊗F N , so we may view M ⊗F N as a K-vector space.
Since A = EndK(M), it follows that A⊗F T1 can be identified with EndK(M ⊗F N).
For g ∈ G, define η(g) ∈ EndF (M ⊗F N)× as follows. For m ∈ M and n ∈ N ,
η(g)(m⊗ n) = ρ(g)m⊗ gn.
Then, η : G → EndF (M ⊗F N)× is a group homomorphism. Furthermore, for a ∈
A⊗F T1, g ∈ G, we have ga = η(g)aη(g)−1.
Let B be a K-basis for M . Then the set
{
η(g)(b ⊗ v0): b ∈ B, g ∈ G
}= {ρ(g)b ⊗ gv0: g ∈ G, b ∈ B}
is a K-basis for M ⊗F N . For σ ∈ Gal(K/F), define
θ(σ ) : M ⊗F N → M ⊗F N,
θ(σ )
( ∑
b∈B,g∈G
λb,g
(
ρ(g)b ⊗ gb0
))= ∑
b∈B,g∈G
σ(λb,g)
(
ρ(g)b ⊗ gb0
)
,
for λb,g ∈ K . This defines
θ : Gal(K/F) → EndF (M ⊗F N)×
a group homomorphism. Furthermore, for σ ∈ Gal(K/F), λ ∈ K , v ∈ M ⊗F N , we have
θ(σ )(λv) = σ(λ)θ(v). It follows that, for σ ∈ Gal(K/F), conjugation by θ(σ ) is an alge-
bra automorphism of A ⊗F T1 = EndK(M ⊗F N) and, furthermore, for λ ∈ K , we have
θ(σ )λθ(σ )−1 = σ(λ). Let T2 be the algebra consisting of the elements of A ⊗F T1 fixed
under conjugation by all the θ(σ ) for σ ∈ Gal(K/F). Then T2 is isomorphic to the algebra
of the endomorphisms over F of the F -span of the basis {ρ(g)b ⊗ gv0: g ∈ G, b ∈ B}.
Furthermore, A⊗F T1  K ⊗F T2, as algebras over F . If g ∈ G, then the η(g) ∈ T ×2 since
η(g) permutes the basis {ρ(g)b ⊗ gv0: g ∈ G, b ∈ B}. It follows that T2 is a G-algebra,
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to K as G-algebras, as desired. 
Theorem 3.5. Let R be an extraspecial r-group of exponent r , for some odd prime r . Let
F2 be a field of characteristic zero, F2/F1 an abelian finite Galois extension, and suppose
R spans over F2 a central simple algebra C over F2, and that R ∩ F2 = Z(R). Let
Γ = {σ ∈ AutF1(C): σ(R) = R}.
Let τ ∈ Γ be such that τ fixes every element of F2, τ 2 = 1, and τ inverts every element
of R/Z(R). Let H  CΓ (τ). Assume that H induces all of Gal(F2/F1) in its action on
F2 = Z(C). Then the H -algebras F2 and C represent the same element in Clif(H,F1).
Proof. We let |R| = r2n+1, for some n  1. Notice that Γ is finite. There is no loss in
assuming that H = CΓ (τ), so we do so. We set R′ = Z(R). Now τ inverts a unique element
of R′, namely the identity. If x ∈ R, x 	∈ R′, then τ normalizes the elementary abelian
subgroup 〈x,R′〉, and τ inverts exactly one element of the coset xR′. Let
V = {x ∈ R: τ(x) = x−1}.
Then V is a set of representatives for R/R′. Notice that the set V is normalized by H .
We define, for v1, v2 ∈ V , v1  v2 to be the element of V that represents the coset v1v2R′.
Hence, (V ,) is a group canonically isomorphic to R/R′. In particular, we think of (V ,)
as a vector space of dimension 2n over the field Fr . Define a map
f : V × V → R′
as follows. For v1, v2 ∈ V , we have that there exists a unique α ∈ R′ such that α2 =
v1v2v
−1
1 v
−1
2 . We set
f (v1, v2) = α.
It is easy to check, and well known, that f can be thought of as a non-singular symplectic
form on V . Furthermore, H permutes the set V in a way that preserves the (V ,) vector
space structure. Furthermore, for each h ∈ H , v1, v2 ∈ V , we have
f
(
hv1,
hv2
)= hf (v1, v2),
and furthermore, we have that
τ
(
v1v2f (v1, v2)
−1)= v−11 v−12 f (v1, v2)−1 = (v1v2f (v1, v2)−1)−1.
Hence, v1v2 = (v1  v2)f (v1, v2).
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sion n. Hence, V = W1 W2. Set
e = 1
rn
∑
w2∈W2
w2 ∈ C.
Since W1 and W2 are actual abelian subgroups of C×, we have that e ∈ C is an idempotent.
Let M = Ce. M is a vector space over F2. Since C is spanned over F2 by V , it is spanned
over F2 by {w1w2: w1 ∈ W1, w2 ∈ W2}, and, since w2e = e for all w2 ∈ W2, it follows
that M is spanned over F2 by {w1e: w1 ∈ W1}. By the calculations in [11, pp. 183–184],
this is in fact an F2 basis for M , C acts faithfully by left multiplication on M , and this
action provides an algebra isomorphism between C and EndF2(M).
Let σ ∈ Gal(F2/F1). Then, σ sends each primitive r th root of unity in F2 to some
power of itself, say to the ath power. Hence, if ζ ∈ F2 and ζ r = 1 then σ(ζ ) = ζ a , where
1  a < r . Define the map φ : V → V by φ(w1  w2) = w1  wa2 , for all w1 ∈ W1 and
w2 ∈ W2. Then φ is a linear transformation of V and, for every v1, v2 ∈ V , we have
f (φ(v1),φ(v2)) = f (v1, v2)a = σ(f (v1, v2)). Define the map Φ : C → C by
Φ
(∑
v∈V
λvv
)
=
∑
v∈V
σ (λv)φ(v),
for all λv ∈ F2. Then Φ is an F1-vector space automorphism of C, and Φ stabilizes the
set V . For v1, v2 ∈ V , we have
Φ(v1v2) = Φ
(
(v1  v2)f (v1, v2)
)= (φ(v1) φ(v2))σ (f (v1, v2)),
and
Φ(v1)Φ(v2) =
(
φ(v1) φ(v2)
)
σ
(
f (v1, v2)
)
by the above. Hence, Φ preserves multiplication in C. It follows that Φ ∈ Γ . Furthermore,
Φ commutes with τ , so that in fact Φ ∈ H . Let t1 : Gal(F2/F1) → H be the map σ 
→ Φ .
Then t1 is an injective group homomorphism. We let H1 = t1(Gal(F2/F1)).
The action of H on F2 provides a natural group homomorphism H → Gal(F2/F1),
and we let H0 be its kernel. Hence, H0 = {g ∈ H : gλ = λ for all λ ∈ F2}. The elements of
H0 act as symplectic linear transformations on V . Furthermore, as they fix F2 pointwise
and V spans C over F2, the action of H0 on V is faithful. In addition, any symplectic
linear automorphism on V yields an element of H0. Hence the action of H0 on V provides
an isomorphism between H0 and Sp(V ,f ). Furthermore, H0 ∩ H1 = 1 and H = H0H1.
Hence, H is the semidirect product of H0 and H1.
By [11, Proposition 2.1], for each h ∈ H0, there exists a unique s(h) ∈ C× such that,
for all c ∈ C×, we have hc = s(h)cs(h)−1, and, when we write s(h) as an F2-linear com-
bination of V , the coefficient of 1 ∈ V is 1. Pick furthermore some g ∈ H1. We have that
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of V . Furthermore, for c ∈ C, we have
gs(h)c
(
gs(h)
)−1 = g(s(h)(g−1c)s(h)−1)= g(h(g−1c)).
Hence, for each g ∈ H1 and h ∈ H0, we have gs(h) = s(ghg−1).
By the calculations in [11, 2.3 Proposition], there exists a function η : H0 → F×2 such
that if we set t : H0 → C× to be defined by t (h) = η(h)s(h), then t is a group homomor-
phism. The proof of this proposition calculates η(h) explicitly as follows. Let d and d1 be
respectively the determinant of the action of s(h) on M and the action on C0 by left multi-
plication. Here, we let C0 be the F2-subspace of M spanned by e and all the element of the
form (v + v−1)e for v ∈ V . Then, we take η(h) = dd−21 . Now t is a group homomorphism
with the property that, for all c ∈ C, and h ∈ H0, we have hc = t (h)ct (h)−1. Furthermore,
let h ∈ H0 and g ∈ H1. Then ge = e, and, for every w1 ∈ W1, we have gw1 = w1. Hence,
g(w1e) = w1e for w1 ∈ W1. It follows that the action of g on C stabilizes both Ce and C0,
and, therefore gs(h) acts on Ce and on C0 respectively with determinant gd and determi-
nant gd1. It follows that gη(h) = η(ghg−1), whence gt (h) = t (ghg−1).
For each element h ∈ H0, we let ρ0(h) be left multiplication by t (h) on M . To each
element g ∈ H1, we let ρ1(g) be the map ρ1(g) : M → M given by m 
→ gm for all m ∈ M .
Now ρ0 : H0 → EndF2(M)× and ρ1 : H1 → EndF1(M)× are both group homomorphisms.
Furthermore, the intersection of the images of these homomorphisms is trivial. In addition,
for g ∈ H1 and h ∈ H0, we have that ρ1(g)ρ0(h)ρ1(g)−1 is an F2-linear automorphism
of M which sends w1e to g(t (h)w1e) = t (ghg−1)w1e, for all w1 ∈ W1. Therefore, we
have ρ1(g)ρ0(h)ρ1(g)−1 = ρ0(ghg−1). Hence, we can extend both ρ0 and ρ1 uniquely to
a group homomorphism ρ : H → EndF1(M)×.
Let c ∈ C and h ∈ H . I claim that then we have ρ(h)cρ(h)−1 = hc, where we iden-
tify the elements of C with their action by left multiplication on M . The equation
ρ(h)cρ(h)−1 = hc certainly holds for all c ∈ C and h ∈ H0 by our choice of ρ on H0.
Now let g ∈ H1. Then, if w1 ∈ W1, then
ρ(g)cρ(g)−1w1e = g
(
c g
−1
(w1e)
)= gcw1e.
Since this holds for every basis vector of M , and
ρ(g)cρ(g)−1 ∈ EndF2(M),
we have ρ(h)cρ(h)−1 = hc for all g ∈ H1 and c ∈ C. Hence, the equation holds generally,
as required. Now the theorem follows immediately from Lemma 3.4. 
4. Proof of the Main Theorem
Definition 4.1. Let G be a finite group, N  G, let φ ∈ Irr(N), and suppose that F is a
field of characteristic zero. We denote by Irr(G;φ,F ) the set of all irreducible characters
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Galois conjugate over F to φ. In other words:
Irr(G;φ,F ) = {χ ∈ Irr(G): for some σ ∈ Gal(F/F ),
we have
(
ResGN(χ),σφ
)
> 0
}
.
We use Irrp′(G;φ,F ) to mean the elements of Irr(G;φ,F ) whose degree is prime to p.
Lemma 4.2. Let G1 and G2 be finite groups, and assume that they have surjective homo-
morphisms πi : Gi → G to a finite group G, for i = 1,2. Let φi ∈ Irr(ker(πi)). Let F be a
field of characteristic zero, and let Fi be the field F extended by the values of the sum of
all the Gi conjugates of φi . Assume that F1 = F2 and that the Clifford class in Clif(G,F1)
associated with φ1 equals the Clifford class in Clif(G,F1) associated with φ2. Then, there
exists a bijection
f : Irr(G;φ1,F ) → Irr(G;φ2,F )
satisfying all of the following:
(1) For every χ ∈ Irr(G;φ1,F ), the degrees of χ and f (χ) satisfy f (χ)(1) = χ(1)φ2(1)/
φ1(1).
(2) f commutes with the action of Gal(F/F ), so, in particular, F(χ) = F(f (χ)) for every
χ ∈ Irr(G;φ1,F ).
(3) For every χ ∈ Irr(G;φ1,F ), we have [f (χ)] = [χ] ∈ Br(F (χ)), so that f (χ) and χ
have the same Schur index over every field containing F .
Proof. Set Ni = ker(πi). Let χi ∈ Irr(Gi) be such that its restriction to Ni contains φi .
Then ResGiNi (χi) is a multiple of the sum of all the Gi conjugates of φi . Hence,
F(ResGiNi (χi)) = Fi . Now [[χi]] ∈ Clif(G,F1) for i = 1,2. By Notation 2.2, the element
associated to φi is [[χi]], and so our assumptions tell us that [[χ1]] = [[χ2]] ∈ Clif(G,F1).
Now Theorem 2.6 can be applied. Let
f0 : IC(G1,N1, χ1) → IC(G2,N2, χ2)
be given by f0(ψ) = ψ ′ as in Theorem 2.6. Then f0 is a bijection. Since the corre-
spondence of the theorem has to send also the irreducible characters IC(N1,N1, χ1) to
IC(N2,N2, χ2), and these are respectively the conjugates of φ1 and the conjugates of φ2, it
must send characters of degree φ1(1) to characters of degree φ2(1). By (2) in Theorem 2.6,
it follows that, for all χ ∈ IC(G1,N1, χ1), we have f0(χ)(1) = χ(1)φ2(1)/φ1(1). Further-
more, f0 commutes with the action of Gal(F/F1), and, for each χ ∈ IC(G1,N1, χ1), we
have F1(χ) = F1(f0(χ)), and [χ] = [f0(χ)] ∈ Br(F1(χ)). However, the restriction of χ to
N1 and the restriction of f0(χ) to N2 show that F1(χ) = F(χ) and F1(f0(χ)) = F(f0(χ)).
Hence, we have that F(χ) = F(f0(χ)) and [χ] = [f0(χ)] ∈ Br(F (χ)).
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group Gal(F/F1). For each χ ∈ Irr(G;φ1,F ), the restriction ResG1N1 (χ) is a multiple of a
Galois conjugate of the sum of all the G1-conjugates of φ1. Hence, there exists a unique σj
such that χ ∈ IC(G1,N1, σjχ1). Then, we set f (χ) = σjf0(σ−1j χ). This defines the func-
tion f . Since we have a similar disjoint union of Galois conjugates of the IC(G2,N2, χ2),
it follows that f is a bijection. Furthermore, it satisfies all the conditions of the lemma.
Hence, the lemma holds. 
Lemma 4.3. Let G be a finite group, N G, and let F be a field of characteristic zero.
Let φ ∈ Irr(N). Let
T = {g ∈ G: φg is Galois conjugate over F to φ}.
Then, induction of characters produces a bijection
IndGT : Irr(T ;φ,F ) → Irr(G;φ,F )
satisfying the following conditions:
(1) For each χ ∈ Irr(T ;φ,F ), we have IndGT (χ)(1) = [G : T ]χ(1).
(2) IndGT commutes with the action of Gal(F/F ), so, in particular, F(χ) = F(IndGT (χ))for every χ ∈ Irr(T ;φ,F ).
(3) For every χ ∈ Irr(T ;φ,F ), we have [IndGT (χ)] = [χ] ∈ Br(F (χ)), so that ResGT (χ)
and χ have the same Schur index over every field containing F .
Proof. Since T contains the inertia group of φ in G and all its Galois conjugates, it follows
from a standard result in Clifford theory that this map is surjective. Suppose ψ1,ψ2 ∈
Irr(T ;φ,F ) and IndGT (ψ1) = IndGT (ψ2). Then, there exist τ1, τ2 ∈ Gal(F/F ) such that(
ResTN(ψ1), τ1φ
)
> 0 and
(
ResTN(ψ2), τ2φ
)
> 0.
This implies that τ2φ is G-conjugate to τ1φ. Since the action of G commutes with the
Galois action, it follows from the definition of T , that τ2φ is T -conjugate to τ1φ. Hence,
we also have (ResTN(ψ2), τ1φ) > 0. Now a standard result in Clifford theory implies that,
since IndGT (ψ1) = IndGT (ψ2), we must also have ψ1 = ψ2. Hence, IndGT is indeed a bi-
jection. (1) is a standard result. That ResGT commutes with Galois action is well-known.
Hence, the field of definition of two corresponding characters is the same over F . Hence,
(2) holds. Once χ and IndGT (χ) have the same field of values, it has been remarked before,
see for example [8, Lemma 2], that they have the same Schur index. In fact, the element of
the Brauer group associated with each of them is the same. Indeed, let m be the Schur in-
dex of IndGT (χ) over F , then there exists a G-module M over F(χ) affording the character
m IndGT (χ). Now EndF(χ)G(M) is a division algebra of dimension m2, and its equivalence
class in Br(F (χ)) is [IndGT (χ)]. Let M0 be the T -homogeneous component of M corre-
sponding to χ . Since the multiplicity of χ in the restriction of m IndG(χ) is m, the actionT
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over F(χ) of dimension m2, and its class in Br(F (χ)) is [χ]. The map that assigns to
each element its restriction to M0 yields an algebra homomorphism from EndF(χ)G(M) to
EndF(χ)T (M0). Since the algebras are simple and of the same dimension, it follows that
they are isomorphic, and therefore [χ] = [IndGT (χ)]. Hence, (3) follows. 
Definition 4.4. If P is any group acting on a finite group G, we denote by IrrP (G) the set
of irreducible characters that are invariant under the action of P .
The main theorem is an immediate consequence of the following more precise theorem,
by setting L = {1}, and φ to be the trivial character of L.
Theorem 4.5. Let p be a prime number, let F be a field of characteristic zero, let G be
a finite group and let P be a Sylow p-subgroup of G. We set N = NG(P ). Let LG,
and suppose that φ ∈ IrrP (L). Suppose that G/⋂g∈G(NL)g is solvable. If both p is odd
and [G : NL] is even, make the further assumption that F contains the intersection Qp ∩
Q(ζ2∞) of the p-adic field Qp and the field Q(ζ2∞) of the rational numbers extended by
every root of unity whose order is a power of 2. Then there exists a bijection
f : Irrp′(G;φ,F ) → Irrp′(NL;φ,F )
satisfying all of the following conditions:
(1) For every χ ∈ Irrp′(G;φ,F ), there is some ε ∈ {1,−1} such that χ(1) ≡
εf (χ)(1) (mod p).
(2) f commutes with the action of Gal(F/F ), so, in particular, F(χ) = F(f (χ)) for every
χ ∈ Irrp′(G;φ,F ).
(3) For every χ ∈ Irrp′(G;φ,F ), we have [f (χ)] = [χ] ∈ Br(F (χ)), so that f (χ) and χ
have the same Schur index over every field containing F .
Proof. Suppose the theorem is false, and among all counterexamples, pick one with
[G : L] as small as possible. Since the result holds if G = L, we have that [G : L] > 1. Fur-
thermore, if p | φ(1), Clifford theory implies that Irrp′(G;φ,F ) = Irrp′(NL;φ,F ) = ∅,
so the theorem holds in this case. Hence, p  φ(1). We split the proof into a sequence of
steps.
Step 1. For each g ∈ G, the conjugate character φg is Galois conjugate over F to φ.
Proof. Let
T = {g ∈ G: φg is Galois conjugate over F to φ},
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[T : L] < [G : L], the minimality of our counterexample implies that there exists some
bijection
f : Irrp′(T ;φ,F ) → Irrp′
(
(T ∩N)L;φ,F )
satisfying all of the conditions of the theorem. Applying Lemma 4.3 twice, we obtain two
bijections
IndGT : Irr(T ;φ,F ) → Irr(G;φ,F ), (1)
IndG(T∩N)L : Irr
(
(T ∩N)L;φ,F )→ Irr(NL;φ,F ), (2)
satisfying all the conditions of Lemma 4.3. Since P is a Sylow p-subgroup of G and is
contained in T ∩N , we have that both [NL : (T ∩N)L] and [G : T ] are prime to p. Hence,
both induction maps restrict to bijections if we restrict them to all irreducible charac-
ters of degree prime to p. Now the composition IndG(T∩N)L f (Ind
G
T )
−1 : Irrp′(G;φ,F ) →
Irrp′(NL;φ,F ) is a bijection satisfying all the conditions of the theorem, except, possi-
bly, (1).
By the Frattini argument, we have that NL/L is the normalizer of a Sylow p-subgroup
of G/L, and that (T ∩ N)L/L is the normalizer of a Sylow p-subgroup of T/L. Hence,
we have
[G : NL] ≡ [T : (T ∩N)L]≡ 1 (mod p).
Since
[G : NL][NL : (T ∩N)L]= [G : T ][T : (T ∩N)L],
this implies that [NL : (T ∩N)L] ≡ [G : T ] (mod p). Now (1) follows from the definition
of our bijection and the condition on the degrees of each of its three factors. 
Step 2. Suppose L<K G. Then, KN = G.
Proof. Suppose that KN 	= G. Now N × Gal(F/F ) acts on
IrrP,p′(K;φ,F ),
the set of all elements of Irr(K;φ,F ) which have p′-degree and are P -invariant. We let
R be a set of representatives of the orbits of this action. Let KN  X G, and suppose
χ ∈ Irrp′(X;φ,F ). Then the restriction of χ to K will contain some irreducible character
θ which is above some Galois conjugate of φ. Because χ has p′ degree, θ has p′ degree,
and its inertia group contains a Sylow p-subgroup of X. Hence, there exists some x ∈ X
such that θx is P -invariant. By Step 1, φx is Galois conjugate to φ over F . Hence, θx ∈
IrrP,p′(K;φ,F ). It follows that χ ∈ Irrp′(X; θ0,F ) for some θ0 ∈R. Next suppose that
we have θ0, θ1 ∈R such that χ ∈ Irrp′(X; θ0,F ) ∩ Irrp′(X; θ1,F ). This implies that there
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some y ∈ X such that τ1θy = τ2θ2. Hence, P and Py are Sylow p-subgroups of the inertia
group of τ2θ2, which implies that τ1θ1 and τ2θ2 are conjugate also by an element of N .
Hence, as the elements of R are orbit representatives, it follows that θ1 = θ2. Hence, we
have shown that if KN X G, then we have a disjoint union
Irrp′(X;φ,F ) =
.⋃
θ∈R
Irrp′(X; θ,F ). (3)
By the minimality of our counterexample, and using (3) twice, we have a bijection
f1 : Irrp′(G;φ,F ) → Irrp′(NK;φ,F )
satisfying the conditions of the theorem. Since KN 	= G, the minimality of our counterex-
ample also yields a bijection
f2 : Irrp′(KN;φ,F ) → Irrp′(NL;φ,F )
satisfying the conditions of the theorem. The composition f2f1 of these two bijections
yields a new bijection which satisfies all the conditions of the theorem. This contradiction
establishes Step 2. 
Step 3. Set V = LN . Then ⋂g∈G V g = L. Furthermore, there exists a normal subgroup
K of G such that K ∩ V = L, K/L is an abelian G-chief factor, CK/L(P ) = 1, and
IrrP (K,φ) contains a single element, say IrrP (K,φ) = {θ}. Finally, F(θ) = F(φ) and
ResKL (θ) is a multiple of φ.
Proof. Notice that if V = G then the identity is a bijection satisfying all the conditions
of the theorem, a contraction. Hence, V 	= G. Then, by Step 2, since V = V (⋂g∈G V g),
we have that
⋂
g∈G V g = L. Since L < G, we take a normal subgroup K of G such that
K/L is a G-chief factor. Then, by Step 2, we have KV = G. Since, by hypothesis, G/L is
solvable, it follows that K/L is abelian. Hence, K ∩V ⊃ L and K ∩ V KV = G. Since
K ∩ V 	= K , it follows that K ∩ V = L. By the Frattini argument, we have V = NG(PL),
and thus CK/L(P ) = 1. By [3, Lemma 2.5], there exists a unique element in IrrP (K,φ),
so we may set IrrP (K,φ) = {θ}.
The uniqueness of θ shows that F(θ) ⊆ F(φ). Since all G-conjugates of φ are Galois
conjugates over F , there is a group homomorphism
λ : G → Gal(F(φ)/F )
such that λ(g)φ = φg for each g ∈ G. Since this is a group homomorphism into an abelian
group and its kernel is the inertia group I of φ in G, we have that I G and the derived
subgroup G′ of G is such that LG′ ⊆ I . But K ⊆ LG′. Hence, ResKL (θ) is a multiple of φ.
Hence, F(φ) = F(θ). 
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field of this action. Then [[φ]] ∈ Clif(V/L,F1) and [[θ ]] ∈ Clif(G/K,F1), see Notation 2.2.
Furthermore, there is a natural isomorphism V/L  G/K , but [[φ]] and [[θ ]] are not identi-
fied under this isomorphism.
Proof. By Notation 2.2 and Step 3, we have that [[φ]] ∈ Clif(V/L,F1) and [[θ ]] ∈
Clif(G/K,F1), and furthermore V/L  G/K . Suppose that this isomorphism identifies
[[φ]] with [[θ ]]. Then, by Lemma 4.2, there exists a bijection
f : Irr(V ;φ,F ) → Irr(G; θ,F )
satisfying the conditions of the lemma. Since P is acting without fixed points on K/L,
we have that |K/L| ≡ 1 (mod p). Hence, θ(1)/φ(1) ≡ ±1 (mod p). Hence, for each
χ ∈ Irr(V ;φ,F ) we have f (χ)(1) ≡ ±χ(1) (mod p). Now f restricts to a bijection
Irrp′(V ;φ,F ) → Irrp′(G; θ,F ).
Moreover, clearly Irrp′(G; θ,F ) ⊆ Irrp′(G;φ,F ). If χ ∈ Irrp′(G;φ,F ), then the inertia
group of an irreducible constituent of its restriction to K needs to contain some Sylow
p-subgroup of G, so will have as one of its G-conjugates a Galois conjugate of an element
of IrrP (K,φ). Hence, Irrp′(G; θ,F ) = Irrp′(G;φ,F ). Hence, the existence of f above
contradicts the fact that we have a counterexample to the theorem, and completes the proof
of the step. 
Step 5. Let M be an F1G-module which is θ -quasihomogeneous, and let ρ : F1G →
EndF1(M) be the corresponding representation. Set C = Cρ(F1K)(ρ(F1L)) and F2 = Z(C).
Then F2 is a field extension of F1. Furthermore, both C and F2 are central simple V/L-
algebras over F1, and they represent different elements of Clif(V/L,F1). In addition, P
acts trivially on F2, and we have a natural isomorphism ρ(F1K)  ρ(F1L)⊗F2 C.
Proof. Set A = EndF1L(M), and B = EndF1K(M), and view them as V/L-algebras
over F1. By Step 3, M is also a φ-quasihomogeneous module, so that A is a representative
for [[θ ]] ∈ Clif(V/L,F1), and B is a representative for [[φ]] ∈ Clif(V/L,F1). It follows,
from Step 4 that A and B are not equivalent as V/L-algebras over F1.
By Step 1, the restriction of the character afforded by M to L is a multiple of a sum
of irreducible characters which are Galois conjugate over F1, and, by Step 3, similarly for
the restriction of the character afforded by M to K . Hence both ρ(F1L) and ρ(F1K) are
simple algebras over F1, their centers are fields, and ρ(F1L) ⊆ ρ(F1K). Since F1(θ) =
F1(φ), we further have that Z(ρ(F1L)) = Z(ρ(F1K)). Now C = Cρ(F1K)(ρ(F1L)), and it
follows that F2 = Z(ρ(F1L)) = Z(ρ(F1K)), that C is a central algebra over F2 and that
we have a natural isomorphism ρ(F1K)  ρ(F1L) ⊗F2 C. Furthermore, as φ ∈ IrrP (L),
we have that P acts trivially on F2.
Notice that C ⊆ A and that B = CA(C). Notice also that F2 = Z(A) = Z(B) = Z(C).
Hence, we have a natural isomorphism A  B ⊗F2 C. Now F2 and C are central simple
V/L-algebras over F1. Suppose they represent the same element in Clif(V/L,F1). Then,
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algebras over F1. Hence, A⊗F1 T1  B ⊗F2 C ⊗F1 T1  B ⊗F2 F2 ⊗F1 ⊗T2  B ⊗F1 T2,
as V/L-algebras over F1. Hence, A and B are equivalent as V/L-algebras over F1, con-
tradicting the above. Hence, F2 and C represent different elements in Clif(V/L,F1). 
Step 6. Let r be the prime dividing the order of the abelian chief factor K/L. Then, all
of the following hold:
(1) There exists an extraspecial r-subgroup R of C× such that R spans C over F2, R ∩
F2 = Z(R), and, if r is odd, then the exponent of R is r .
(2) We set Γ to be the set of all automorphisms of C as an algebra over F1 that send R
back to itself, so that
Γ = {σ ∈ AutF1(C): σ(R) = R}.
There is a homomorphism
γ : V → Γ,
and we set H = γ (V ). H induces by its action on F2 = Z(C) the whole of Gal(F2/F1).
(3) When viewed as H -algebras over F1 both F2 and C are central simple over F1, but
they are not equivalent.
(4) Set P0 = Op(H). Then, P0 is a Sylow p-subgroup of H , P0 acts fixed point freely on
R/Z(R), and centralizes Z(R) and F2.
(5) Suppose r is odd. Then, there exists some τ ∈ Γ such that τ fixes every element of F2,
τ 2 = 1, τ inverts every element of R/Z(R), and H ⊆ CΓ (τ).
Proof. For each x ∈ K , conjugation by ρ(x) yields an automorphism of ρ(F1L) that fixes
its center F2 pointwise. Hence, there exists some d ∈ ρ(F1L)× such that d−1ρ(x) ∈ C×.
The element d is uniquely determined by x up to multiplication by some element in F×2 .
Hence, we may write ρ(x) = dc where d ∈ ρ(F1L)× and c ∈ C×, where d and c are
uniquely determined up to multiplication by F×2 . Define a map π : K/L → C× as follows.
For each element in K/L, select a coset representative x ∈ K , and write ρ(x) = dc as
above. Then assign π(xL) = c. Let x, y ∈ K be the chosen representatives for the cosets
xL and yL, and let l ∈ L be such that xyl is the chosen coset representative for xyL.
Write ρ(x) = d1c1 and ρ(y) = d2c2, where d1, d2 ∈ ρ(F1L)×, and c1, c2 ∈ C× so that
π(xL) = c1 and π(yL) = c2. Then ρ(xyl) = d1d2ρ(l)c1c2 because ρ(l) ∈ ρ(F1L)× com-
mutes with both c1 and c2. Hence, π(xyL) is c1c2 up to multiplication by some element
in F×2 . Therefore, π is an F2-projective representation, and furthermore π induces a group
homomorphism π : K/L → C×/F×2 which commutes with conjugation by any element
g ∈ G, that is, gπ(xL) = π(gxL) for all g ∈ G, and x ∈ K .
Let R0 be the preimage in C× of π(K/L). Then R0 is an infinite subgroup of C× which
is normalized by G, and such that R0/F×2  K/L as groups with G-action. Since ρ(F1L)
and R0 span ρ(F1K) as an algebra, the F2-span of R0 is C. If R0 is abelian, then C is
commutative, so that, in this case, C = Z(C) = F2, which contradicts Step 5. Hence, R0
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have R′0 ⊆ F×2 , and R0 is nilpotent of class 2. As F×2 ⊆ Z(R0) and R0/F×2 is an elementary
abelian r-group, the commutator map can be thought of as giving an alternating bilinear
form on R0/F×2 . It follows that R′0 is generated by elements of order r , but as F2 is a field,
these elements form a cyclic group of order r , and we have |R′0| = r .
By Step 3, CK/L(P ) = 1, which implies that p 	= r and[
ρ(P ),R0
]
F×2 = R0.
If g ∈ P and a ∈ R0, then setting b = ga, we have that ar ∈ F×2 since K/L has expo-
nent r , and ar = br since g fixes F2 pointwise. Hence, [ρ(g), a]r ∈ R′0. It follows that[ρ(P ),R0]R′0/R′0 is generated by elements of exponent dividing r , that is, it is a group
of exponent r . Hence, [ρ(P ),R0] has exponent dividing r2. As F2 is a field, it follows
that |[ρ(P ),R0] ∩ F×2 | r2. Since [ρ(P ),R0]F×2 /F×2  [ρ(P ),R0]/[ρ(P ),R0] ∩ F×2 
K/L, it follows that [ρ(P ),R0] is a finite group of exponent dividing r3. Now set
R = [ρ(P ), [ρ(P ),R0]]. It follows that R0 = RF×2 , and R = [ρ(P ),R], since r 	= p.
Hence, ρ(P ) acts fixed point freely on the abelianization of R, which implies that R ∩F×2
is the derived subgroup of R. Now R/(R ∩ F×2 )  K/L, so that, as V acts irreducibly on
K/L, we have that R ∩ F×2 is the derived subgroup, the Frattini subgroup, and the center
of R. Hence, R is an extraspecial r-group and the F2 span of R is C. Furthermore, if r is
odd, Ω1(R) is of exponent r and contains R ∩F×2 strictly, so R = Ω1(R) in this case, and
R has exponent r . Hence, (1) holds.
(2) and (3) follow from Step 5. Since L acts trivially on C, and P is a normal Sylow
p-subgroup of N , we have that γ (P ) = Op(H) = P0. Hence (4) holds.
It only remains to show (5). Hence, assume that r is odd. Conjugation by any element
of R yields some element of Γ that fixes every element of F2. Let I0 be the set of all
such elements of Γ . Then I0 is a normal subgroup of Γ . Let I be the subgroup of Γ
generated by I0 and some element of Γ that inverts every element of E/Z(E) and fixes
every element of F2. Then I is a normal subgroup of Γ of order 2|R/Z(R)|. Now P0 ⊆ Γ
acts fixed point freely on R/Z(R), so CI (P0) is a group of order 2, and we let τ ∈ CI (P0)
be the non-trivial element. Now since H normalizes CI (P0), it follows that H ⊆ CΓ (τ).
Hence, (5) holds, completing the proof of Step 6. 
Now if r is odd, Step 6 contradicts Theorem 3.5. If r = 2, then Step 6 contradicts
Corollary 3.3. These contradictions complete the proof of Theorem 4.5. 
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